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In this paper we show how to exploit symmetry for the design of asymptotic
observer for nonlinear systems. The main contribution of the paper is to in-
troduce the notion of invariant estimation errors and to construct them via
the Darboux-Cartan moving-frame method. Although we do not have general
results on the convergence of such invariant design techniques, we are able to
prove global asymptotic convergence of such invariant observers for a class of
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Abstract

For dynamics ¢ = f(z) with output y = h(z) invariant with respect to
a transformation group G, we define invariant asymptotic observer of the
form & = f(i, y) where y = h(x) is the measured output and & an estima-
tion of the unmeasured state x. Such a definition is motivated by a class
of chemical reactors, treated in details, when the group of transformations
corresponds to unit changes and the output y to ratio of concentrations.
We propose a constructive method that guaranties automatically the ob-
server invariance & = f (Z,y): it is based on invariant vector fields and
scalar functions, called invariant estimation errors, that can be computed
via Darboux-Cartan moving frame methods. The observer convergence
remains, in the general case, an open problem. But for the class of chemi-
cal reactors considered here, the invariant observer convergence is proved
by showing that, in a Killing metric associated to the action of G, the
symmetric part of the Jacobian matrix af/a:i: is definite negative (con-
traction).
Key words: asymptotic observers, moving-frame method, invariant, sym-
metries, contraction, chemical reactors.
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Let us first consider the following simple example of a continuous stirred
tank of volume V with two concentrations ¢; an ¢y and one measured output y:

d ,
V—ec1 =F(" — 1)

dt
Vic = F(c" — ¢y) (1)
pri: 2 2
y= c1+ co

(F the input flow rate, (¢i", ci") input concentrations). This system is invariant
under the action of the scaling group. These balance equations do not depend on
the fact that the concentrations (c1,cq) are expressed in g/L or in mol/L. This
means that for any positive constants M; and My and any scaling, C; = Micq,
Cy = Maycy, Ci = Myci™ and C&"* = Maci®, the equation remains unchanged

d in
Vacl = F(C{" - C1)

d in
V2 Cy = F(CJ' = Cy).

Notice that such scaling yields for y to the following transformation

Y =C/(C1 4 Co) =y/(y + %(1 —y)).

Let us consider the following observer where ¢1, ¢o and ¢ are estimates of ¢y, ¢
and y, respectively and k is a design parameter:

d . n N g 1—-y
VEcle(czln_cl)—kcllog(lQT)
dA in ~ ~ 1_:& Y
VECQ:F(C2 — C9) — kéglog (_3) —1—y> (2)
oy
y_é1+é2.

Simple computations show that this dynamics is also invariant with respect to
the same scaling group, since the error term becomes

Y 1-Y GG éiep  § 1—y

1-V Y (0 e 1-3 oy

If, instead of log (ﬁ 1;_y) , we use an error term of the form (§—y), then we lose

invariance. That observation has motivated this paper. Indeed, the error term
(4§ — y) does not have a physical meaning since we are comparing two molar
or mass fractions: we can understand then why with this term the observer
invariance is lost. For nonlinear systems, classical design methods (as described
in [4]) or more recent design methods (as described in [1]) essentially relies on the



error term (¢ —y). This paper is a first tentative to design asymptotic observer
with nonlinear errors terms derived from the symmetries of the system. As we
will see in section 4, we get, for our example (1), a global asymptotic observer
when k is positive: this comes from the fact that, the observer dynamics is
strictly contracting for the metric ds? = % + % in the sense of [6].

The paper is organized as follows. In section 2, we recall some basic facts
on transformation groups, define invariant observers, and propose a construc-
tive method for invariant observer design. This method is based on invariant
estimation errors that, for G-invariant output, can be computed, as shown in
section 3, via the Darboux-Cartan moving-frame method recalled in appendix.
In section 4, we apply this method on a class of chemical reactors: it yields
an invariant observer that is proved to be globally convergent using contraction
theory [6].

This paper is, in some sense, the counter-part of [5] where the invariant
tracking problem is addressed.

2 Transformation group and invariance

We use here some basic notions that are defined in details in [2]. For clarity
sakes, we consider transformation groups acting on z local coordinates associ-
ated with the state. More global and coordinate-free definitions are possible
with state living on manifolds.

Consider the smooth dynamics

i = f(x) (3)

where the state x belongs to an open subset X of R™. Let G be a local group
of transformations acting on X according to

X = Sog(x)» g€aq,

where ¢4 is a local diffeomorphism. Moreover, the dependence with respect to
g is smooth. Denote by r the dimension of the group G.

Definition 1. The dynamics (8) is said to be G-invariant if for every g € G
the representation of the system remains unchanged, i.e., X = f(X).

Alternatively, we also say that G is a symmetry group of the system. The
definition means that, for every g € G, we have

Ve e X, flpyla)) = P0@) Ja),

For (1), the transformation group G is of dimension r = 2, depends on two
positive parameters M7 > 0 and M > 0, and its action is

(C1,C2) = o(nay ) (1, €2) = (Myci, Maca)



where we denote by ¢(as,,nr,) the element of G associated to the parameters
(M1, Ms). Notice that the input concentrations (¢, c}*) are also transformed
according to (Ci", C&") = (Myci"™, Maci).

Consider now a smooth output map h : @ — y = h(xz) on X, where the
output y belongs to an open subset Y of R™ (dimy = m).

Definition 2 (Invariant asymptotic observer). Consider a G-invariant
dynamics © = f(x) with its output y = h(x) (not necessarily G-invariant). The
asymptotic observer

d . ..

%IE = f(xa y)
is said G-invariant if and only if, for all g € G, for all estimated state T and
state x, we have

29(3) - F(h(2)) = Flpy(2), hog(2))),
This definition just means that the observer equations remain unchanged

d -~ A A
CX = F(X, (X))

where X = ¢4(#) and X = ¢,(z). The asymptotic observer (2) is clearly
invariant.

Assume that we have a set of p vector fields w;(x), ¢ = 1,...,p on the state
space that are invariant with respect to GG. This means that for any g € G and
i€ {1,...,p}, we have w;(pq(z)) = %(x) -w;(z). Consider now a set of p scalar
functions of the form J;(&, h(z)), i € {1,...,p}. Assume that they are invariant,
i.e., for all g € G, for all £ and =, we have

Jilpg (), h(pg(2))) = Ji(&, h(x)), i €{1,..,p}.

Then the following system
= @)+ (@) = Jil#, §)wi(®) (4)

is an invariant observer. This is a direct application of the definition. Notice
that we do not address here the convergence of & towards x. We just consider
the invariance.

3 Invariant estimation errors

Definition 3 (invariant estimation errors). Assume the smooth dynamics
& = f(x) is G-invariant. Take an output y = h(x) of dimension m. An invari-
ant estimation error is a set of m smooth functions of the estimated state & and
of the measured output y, I(&,y) = (I1(2,y), ..., Im(Z,y)), such that:



1. for all g € G, for all & and all x, we have

(g (), h(pg(x))) = I(%; h(x))

2. for each &, the map y— I(Z,y) is a diffeormorphism with I(&, h(%)) = 0.

Let us see now how to construct such invariant functions I. First we need
the following definition.

Definition 4. Assume the smooth dynamics @ = f(x) is G-invariant. Then
the output y = h(x) is G-invariant if the action of G on x admits a well-defined
restriction on y, i.e., for g € G, there exists an output transformation o4 on Y
such that h o pg = pg0h.

With X = ¢4(z) and Y = p4(y), the definition reads Y = h(X). The output
y of (1) is G-invariant since Y, ar,) Yields to

_ Cl _ M101 _ Yy
Ci+Cy  Mici + Macy er%(lfy)

Y

which defines an action of G on the output space.

This definition means that the action of G on the state-space and the output
map h must be compatible. Only special output maps h yield G-invariant
output: for example (1), the map h(c1,c2) = ¢1 + ¢o does not define a G-
invariant output.

Theorem 1. Take a G-invariant dynamics © = f(x) and a G-invariant output
y = h(x). Assume that for some xg, the smooth map

G > g @4x)

18 of rank r = dim G around g = Id with r < n = dimx. Then, locally around
(o), there exist m = dimy invariant smooth functions I;(Z,y), i = 1,...,m
that form an invariant estimation error.

The assumption on the action of G implies that G acts effectively (i.e., the
isotropy group is trivial or discrete). This is not really a limitation. The local
character of this result is not a strong limitation either. When G is an analytic
connected group with an analytic action, the I;’s are analytic functions when h
is analytic.

Proof. We use here the moving frame method recalled in appendix A. In our
case the manifold ¥ corresponds to the (Z,y)-space and the local coordinates &
to the components of (Z,y). The action of G on this space is well defined since
y is a G invariant output. To any element g € G corresponds the following
transformation

(@,y) = (pg(2), 04(¥))-



The constant rank assumption implies that elements of G close to identity act
regularly around (zo,y). The fiber coordinates &5 can be formed via subset of
the components of Z. Since a = ¢¢(&,Zy), this means that the transformation
Y = o(y,a), corresponding to g € G associated to the parameter a, reads

Y = o(y, ¢y (2,Z5)) = Yy, 2, Zp).
It is obvious that for any normalization E(}, the m scalar functions in
T(y, 2, Z%)

are invariant. Moreover, the rank of T with respect to y is maximal and equal
to m. It will do to use

to obtain a set of local invariant output errors. O
For example (1), the invariant error is

. g 1—y
o) =g (12122

4 A class of chemical reactors

4.1 The system

We consider a continuous stirred tank of volume V' with n species of concentra-
tions (e1,...,¢p) :

d .
V£Ci = F(Czn - Ci) + 7"1‘(017 SRR Cn)

C;
Yi = n 5
Zh:l Ch

(F the input flow rate, (¢i",...,c!™) input concentrations). The n species react
according the reaction terms 7;(c,...,¢,): these n functions are supposed to
be homogenous of degree one. We measure the fractions y; and we want to
reconstruct the state (c1,...,cy,).

The example (1) belongs to this class of chemical reactors : we have in this

case n = 2 and no reaction terms r = 0.

1=1,..,n

4.2 Invariant function

Indeed, the system equations do not depend on the units of the concentrations
¢;. This system is not strictly invariant with respect to the definition here above.
To be invariant according to the definition, we have also to consider the action

of the scaling group on the input concentrations ci", and on the parameters



hidden in the chemical kinetics r;. With such natural extension, we can say
that such system is invariant under the action of the scaling group defined by

Ci = M¢Ci7 1= 1, N

where the M; are positive constants (group parameters).
To build the observer, we consider the invariant functions of the transforma-
tion group acting on the ((¢;), (y;))-space. The normalization equations write:

o g~ .
Cy =M, i=1,...,n

and the solution is given by

where (C?) is our reference.
As the group action on the output space is given by

M;y;
S Muyn’

we get then the following invariant functions:
o = Yi

H;(e,y) = En—%,

h=17, Jh

Y, = i1=1,...,n

i1=1,...,n

where ¢ = (¢;) and ¥ = (7).
A simple combination of these invariant functions yields the following ones

(more symmetric):
Iy(e.p) =tog (222
Y5 Yi
which gives invariant estimation error terms, for all ¢ and j in {1...n}.

4.3 The invariant observer

To design the observer, we use the invariant estimation error terms I;; and the n
infinitesimal generators of the transformation group acting on the system state:

0 ,
vi(c1y. .., Cn) :Ci(‘?fci’ vie{l,...,n}

since these vector fields are here invariant. We get then the following observer
(k > 0 is a design parameter):

d_ S ,
V@ci =F(¢;" — &)+ Cﬂz‘((%)léjﬁn)
nos
—katog | [ L (5)
het.hpi I Yi
. G

(3 .
Vi = =n = ,Vie{l,...,n
' ZZ:1Ch { }



which is invariant under the action of the scaling group. Notice that when

¢; = ¢i, we recover the original dynamics, dicAi = %ci.

4.4 Observer convergence
To prove convergence, we make a change of coordinates:
& =log(c;) i=1,....n

The observer equations become :

d ~ ) ~ .
Vg =F(Clern(=6) = 1) +ri((Lhisia)

(3

n R N n y
—k{ D G -&)+log( [] =)
h=1,h#i h=1,h#i Yi

The symmetric part of the jacobian matrix (with respect to the @ only) is given
by:

—FCirexp(~&)

1
A= 0 0
—FCexp(—&n)
-1k k- k
| F '
v : SR k
k ok —(n-1)k

The second matrix is negative: it has —nk as eigenvalue of multiplicity n — 1,
and 0 as eigenvalue associated to the eigenvector with all coordinates equal to
1.

The first matrix is negative. Let J be the set of indices {11, ..., 4.} such that
for every k € J, Ci™ = 0. Let B = (eq,...,e,) be the canonical basis of R™. As
the second matrix is definite negative on the subspace spanned by {ey, k € J},
we get that A is definite negative. This result shows that the observer is a
global contraction (in the sense of [6]) which gives its global convergence. The
observer (5) is thus a global invariant asymptotic observer.

To summarize: the observer is shown to be a contraction when the equations
are written in the coordinates (§;) and we use the Euclidian metric to define the
symmetric part of the Jacobian matrix. It is equivalent to say that the observer
(5) is a contraction with respect to the following metric:

n ] 2 n
=3 (%) - s’

that is to say a Killing metric of the transformation group acting on the system
state space.



5 Conclusion

The convergence proof for this class of chemical reactors suggests the following
question: are there links between the following two facts: the observer is invari-
ant; the observer defines a contraction for a Killing metric (a metric where the
group transformations are isometries)?

References

[1] H. Nijmeijer and T.I. Fossen. New Directions in Nonlinear Observer De-
sign, pages 1-180. Lecture Notes in Control and Information Sciences 244.
Springer, 1999.

[2] P. J. Olver. Equivalence, Invariants and Symmetry. Cambridge University
Press, 1995.

[3] P. J. Olver. Classical Invariant Theory. Cambridge University Press, 1999.

[4] A. Robertsson. On Observer-Based Control of Nonlinear Systems, pages
52-73. PHD report, Department of Automatic Control, Lund Institute of
Technology, 1999.

[5] P. Rouchon and J. Rudolph. Invariant tracking and stabilization: problem
formulation and examples, pages 261-273. Lecture Notes in Control and
Information Sciences 246. Springer, 1999.

[6] W. Lohmiller and JJ.E. Slotine. On contraction analysis for non-linear
systems. Automatica, Vol 34, No 6, pp. 683-696, 1998.

A The moving-frame method

To determine the invariant functions we use the normalization technique, which
is also called the moving frame technique of Darboux Cartan (see, e.g., the very
nice presentation in Chapter 8 of [3]).

An example in R? The idea is quite simple as we are going to see when
the manifold ¥ corresponds to R, when the transformation group G acting on
Y. admits two parameters and when the orbits are surface. The normalization
technique relies on the following idea. Under good regularity conditions of the
transformations group, we can find a set of coordinates (1, &2, &3) such that, as
shown on figure 1, in the directions £y = (£1,£2), we are in an orbit, whereas
the transverse direction &, = £3 determines in which orbit we are. So, to know
if two points P and S are in the same orbit, that is, if there is an element g of G
such that S = ¢4(P), it is sufficient to check that the two points have the same
coordinate £3: &3 is an invariant function. Any other invariant scalar function
is a function of &3.



Figure 1: Orbits of the transformation group G acting on ¥ in rectifying coor-
dinates

Now, we suppose we don’t know this set of coordinates. Denote by (p1, p2, p3)
(resp. (s1,82,83), (r1,72,73)) the coordinates of a point P (resp. S, R) in some
referential. If P and S belong to the same orbit, there exists an element g € G
such that (in coordinates) :

The problem here is that the three coordinates of S depend on a particular set
of the group parameters. To find the invariant functions, we have to eliminate
the two parameters associated to g. We introduce a third point R on the same
orbit that we will take as a reference. We can then determine the element g(P)
of the group such that R = ¢,p)(P). This element is solution of the following
system of equations (normalization equation):

1 = (pg(P)h
r2 = (pg(P))2

If the implicit functions theorem applies (the rank of this system with respect
to the two parameters associated to g must be 2), then we have :

9(P) =~(P,r1,72)
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The invariant is then given by:

I(P) = (¢~ (Pr1,r2)(P))3

Indeed, I(P) = r3 and as R and S are on the same orbit, we have also: I(S) =
r3 = I(P), since 0 (g,r,,r,)(S) = R.

The general case Take a group G acting regularly on a manifold ¥ of dimen-
sion o with r-dimensional orbits, r < ¢. In local coordinates on X, £, denote by
2 = p(&,a) the transformation associated to the element of G with parameter
a. Then the orbit equations (a set of fundamental scalar invariants) are given
via elimination of a once the coordinates £ = (&,&y) have been decomposed
into the base coordinates, &, of dimension o — r and the fiber coordinates, &y,
of dimension 7. The transformation = = ¢(&, a) then reads

(1]

b — (pb(gva)
;= Lpf(ga a)

[1]

with a — ¢ (§, a) invertible for every £. Denoting by v ;(£, =) the inverse map
(@f(fﬂ/’f(fa Ef)) = Ef), one has

Ep = @b(fawf(gvaf)) = wb(faEf)-

Assume that ¢ and £ belong to the same orbit. Then they have the same base
coordinates. This means that, once =¢ has been fixed, to E?c say (normalization),
one has

Uo(€,EF) = (¢, ER)-
0

In other words, the o — r independent scalar functions & — (&, = f) are invari-
ant, i.e., for any transformation = = (&, a), we have

Q;Z}b(fa E’?) = T/Jb(SD(fv (Z), E?)
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